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Abstract. We present an explicit method to produce upper bounds for the 
dimension of the moduli spaces of complete integral Gorenstein curves with 
prescribed symmetric Weierstrass semigroups. 



1. Introduction 

Let be the moduli space of the smooth complete integral pointed algebraic 
curves with a prescribed Weierstrass semigroup Ti, of genus g. There are two im- 
portant estimates on the dimension of On the one hand, Eisenbud and Harris 
[EH], arguing that locally is the puUback of Schubert-cycles from a suitable 
Grassmannian of (17— l)-planes, obtained the lower bound — 2 — w{T-L) for the 
dimension of any irreducible component of , where w{'H) denotes the weight 
ofH. As follows from their theory of limit linear series, this bound is attained for 
some component of , if w(T-L) < | , or more generally, if H is a primitive semi- 
group of weight smaller than g (cf. [EH, theorem 3], [K]). However, if the weight 
is large, as in the case of symmetric semigroups, then their bound may be far from 
being sharp, and it may even be negative. 

On the other hand, a theorem of Deligne [D, theorem 2.27], whose proof in- 
volves an interplay between three different moduli spaces, provides the upper bound 
dim^-H < 2g — 2 + \{T-L), where A(7^) > 1 stands for the number of gaps i such that 
i + n IB 'A nongap for each positive nongap n (cf. [RV, section 6]). If the semigroup 
is symmetric, then Deligne's upper bound is equal to 2g — 1. By using the work of 
Kontsevich and Zorich [KZ], it has been noticed by Bullock [Bu] that for each .g > 3 
the upper bound is attained exactly on the three symmetric semigroups with the 
gap sequences {1, . . . , g - 1, 2^ - 1}, {1, . . . , 5 - 2, g, 2g - 1} and {1, 3, 5, . . . , 2g - 1}. 

In this paper we assume that H is a numerical symmetric semigroup. Looking 
for an upper bound for the dimension of the moduli space , we view 
as an open subspace of the compactified moduli space which is defined by 

allowing arbitrary Gorenstein singularities. By varying the construction of 
presented in [S] , in Section 2 we realize in a rather explicit way as the weighted 
projectivization V{Xy) of an afhne quasi-cone Xu , i.e. of a subset Xu of a weighted 
vector space cut out by quasi-homogeneous equations. We approximate the quasi- 
cone Xu at its vertex by a quadratic one, whose weighted projectivization provides 
us with an upper bound for the dimension of (cf. Theorem 3.1). We explain 
that it is much easier to compute the quasi-homogeneous quadratic forms that 
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determine the quadratic approximation than the equations of the moduh space 
~Mh ■ 

In the last section we illustrate the method by handling explicitely with the 
family of symmetric semigroups 

Hr =<6,2-|-6r,3 + 6r,4 + 6r,5 + 6T> 

of genus Qt = 6t+1 (r = 1,2,.. .). The quadratic approximation of the quasi-cone 

X-H^ can be described in terms of a variety defined over an artinean algebra (cf. 
Theorem 4.4). Its dimension can be read off from this description, providing the 
upper bound 8 r + 5 for the dimension of ^-Ht i which for each r > 1 is better 
than Deligne's bound 2^',- — l = 12r+l. 

2. On the construction of the compactified moduli space ZWn 

Let C be a complete integral Gorenstein curve of arithmetic genus g defined over 
an algebraically closed field k, and let P be a smooth point of C. We denote by 
the Weierstrass semigroup of the nongaps = no < ni < n2 < . . . of the pointed 
curve {C,P). Thus for each n G H there is a rational function Xn on C with pole 
divisor nP. We can assume that xq = 1. For each nonnegative integer i the vector 
space of global sections of the divisor P is equal to 

(C, Hi -P) = k Xng © k Xni © • • ■ ® k Xm 

and in particular it has dimension i + 1. It follows from Riemann's theorem for 
complete integral curves with singularities that 

rii = g + i for each i > g 

and so the Weierstrass gap sequence consists of g elements, say 

l = £i<e2<---<ig<2g-l. 

We suppose that the last nongap ig is equal to 2g—l. This means that the semigroup 
H is symmetric, or equivalently, it has the property that a positive integer ^ is a 
gap if and only if — ^ is a nongap, i.e. 

ni = 2g~l-£g-i (f = 0, ...,<?- 1) . 

Thus Ug-i = 2g — 2 and H"{C,{2g — 2)P) is spanned by the g functions x„o, 
Xnx, ■ ■ ■ ,Xng_i- Hence dim i7"(C, {2g — 2)P) = g and so {2g — 2)P is a canonical 
divisor. We also suppose that £2 = 2, or equivalently, the Weierstrass point P is 
nonhyperelliptic. Therefore by a theorem of Roscnlicht the canonical morphism of 
the complete integral Gorenstein curve C is an embedding 

{XriQ • X^n\ " * ' • • ^rig-i) • ^ 

(see [KM, theorem 4.3]). Thus C becomes a curve of degree 2^ — 2 in the projective 
space P9~i and the integers — 1 (i = 1, . . . , g() are the contact orders of the curve 
with the hyperplanes at P = (0 : • • • : : 1). 

Conversely, the numerical symmetric nonhyperelliptic semigroup "H can be real- 
ized as the Weierstrass semigroup of the canonical monomial curve 

C(°) := {{aP-^h^o-^ : dP-^\fo-^-^ ■ ■ ■ : a^'^-'b'^'-^) | (a : 6) G P^} C P^"^ 

at the point P. The curve C^^^ is rational and has a unique singularity, namely the 
unibranch point (1 : : • • • : 0) of multiplicity ni and singularity degree g (see [S, 
p. 190]). 
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To study relations between generators of the ideal of the canonical curve C C 
, we consider the spaces of global sections ff°(C, r{2g - 2)P) of the multi- 
canonical divisors r{2g — 2)P, and construct P-hermitian r-monomial bases, i.e. 
bases consisting of r-monomial expressions in Xno, ■ ■ ■ ,Xng_i whose P-orders are 
pairwise different (cf. [O]). 

Lemma 2.1. Let t denote the largest integer such that rir = Tn\. A P-hermitian 
basis of H°{C, (4g — 4)P) is given by the products 

XnoXn^j (j = 0, . . .,.g - 1) 

XniXng-:j (» = 1,---,T, .7 = 1, • • • , " 1) 

XmXng-j (i = T + 1, . . . ,g - I, j = 1, . . . , - rij-i) 

^^riT+l'^'^g-T-l+feni (fc = 1, . . . , T — 1) . 

Proof. Since by Ricmann's theorem the dimension of H''\C, {Ag — 4)P) is equal to 
351 — 3, we have only to convince ourselves that the above products are 3^ — 3 in 
number and have pairwise different pole orders at P (see [S, proposition 1.4]). □ 

For each nongap s<Ag — Awe list the partitions of s as sums of two nongaps 
<2g-2, say 

s = asi-\- bsi where a^i < fogj {i = 0,.. ., i/^) 

and abbreviate 

tts := aso and bg := bso ■ 
The 85 — 3 products x^^ form a P-hcrmitian basis of the space of global sections 
H°{C, {Ag-4)P) of the bi-canonical divisor (45-4)P. If < a^i < • • • < ttsv, then 
it coincides with the basis displayed in Lemma 2.1. However, we will not always 
work with this assumption. 

Lemma 2.2. For each integer r > 3, a P-hermitian basis of H'^{C, r{2g — 2)P) is 
given by the r-monomial expressions 

Xnj {j = 0,...,g-l) 

XasXbsXig_, {i = 0,...,r-2, s = 2g,...,4:g-4:) 

XniX2g—niXng-2-^ng-i {i = 0, . . . ,r 3) 

where the powers of xq = 1 have been omitted. 

Proof. Let n be a nongap not larger then r(2g — 2). We look for a monomial 
expression z„ in x^ , Xug-i of degree < r with pole divisor nP. We proceed by 
induction on r. If n < (i — 1)(25 — 2) then we apply the induction hypothesis and 
pick up the corresponding basis element of H^{C, (r — l){2g ~ 2)P). Thus we may 
assume (r — l){2g — 2) < n < r{2g — 2). If n = 4(/ — 3 then r = 3 and we take 
Zn '■= XniX2g-niX2g-3- In the remaining case we apply the induction hypothesis to 
n — 2g-\-2 and take Zn := Zn-2g+2 X2g-2- □ 

As becomes clear from the preceding proof, wc can normalize the functions x„ 
in a way that for each r > 2 the functions Xn with n < r{2g — 2) are the above 
basis elements of i?°(C, r{2g - 2)P). 

Let 1(C) C k[X„Q,X„j, . . . be the homogeneous ideal of the canonical 

curve C C Ps-^ i.e. 

OO 

I = 0Ir(C) 
r=2 
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where Ir(C) is the vector space of the r- forms that vanish identicaUy on C. As an 
immediate consequence of the existence of a P-licrmitian r-monomial basis for the 
space of global sections of the multi-canonical divisor r{2g—2)P, the homomorphism 

k[Xn„ , , . . . , Xn^_,]r ^ //°(C, r{2g - 2)P) 

induced by the substitutions X„. a;„. is surjective for each r (as predicted by 
a theorem of Noether). Thus by Riemann's theorem the codimension of \r{C) in 

the (""^^^ ^-dimensional vector space k[X„|-, , Xn^ , • • ■ , ^ng_i]r of r-forms is equal to 
(2r — \)[g—l). In particular, the vector space of quadratic relations has dimension 

We attach to the variable X„ the weight n. For each integer r > 2 we fix a vector 
space Kr in k[X„(,, , . . . , X„g_ spanned by the lifting of a P-hermitian r- 
monomial basis of H^{C, r{2g — 2)P), or equivalently, a vector space spanned by 
r-monomials in X„q, . . . , Xng_^ whose weights are pairwise different and vary 
through the nongaps n < r{2g — 2). Since A-r fl lr{C) = and 

dim A^ = dimif°(C, r{2g - 2)P) = codiml^(C) , 

we obtain 

k[X„„ , X„i , . . . , Xn^_-,]r = Ar® Ir{C) for each r > 2. 
For each nongap s < 4:g — 4 and each integer i = 1, . . . we have Xa^^Xb^i G 
H°{C, sP) and so we can write 

s 

XasiXbsi — ^ ^ ^sinXanXf)^ 

where the coefficients Csin are uniquely determined constants and where the dash 
indicates that the summation index n only varies through nongaps. Multiplying 
the functions x^ , • • • , Xng_i by constants we can normalize 

c,,„ = 1 whenever n = s . 



By construction the quadratic forms 



-1 



Fsi ■— Xa^^Xb^i — Xa^Xb^ — CsinXa„Xb„ 

n=0 

vanish identically on the canonical curve C. They are linearly independent, their 
number is equal to (^2^) — (3g — 3) = ^(g — 2){g — 3), and hence they form a basis 
of the vector space of quadratic relations 12(C). 

We attach to each coefficient Cs,„ the weight s — n. If we consider Fsi as a 
polynomial expression not only in the variables A„ but also in the coefficients Csin, 
then it becomes quasi- homogeneous of weight s. 

To assure that the canonical ideal 1(C) is generated by quadratic relations, we 
need assumptions on the semigroup H. In the following we will always suppose 
that the symmetric semigroup H satisfies 

3<ni <g and ?^ 7^ < 4, 5 > 

i.e. n is different from N \ {1, . . . , g - 1, 2^ - 1}, < 2, 2^ + 1 >, < 3, ,g + 1 > and 
< 4, 5 >. In the excluded case where rii = 3, respectively H = < 4, 5 >, the canonical 
curve C C P^"^ is trigonal, respectively isomorphic to a plane quintic, and one may 
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easily check that the intersection of the quadratic hypersurfaces containing C is 
an algebraic surface, or more precisely, a rational normal scroll, respectively the 
Veronese surface in P^. 

By a theorem of Oliveira [O, theorem 1.7] it follows from the assumptions on the 
symmetric semigroup 'K that Vs>\ whenever s = rij + 2^ — 2 and i = 0, . . . , 5 — 3. 
Thus we can assume that 

(ttsi, hsi) = [ui, 2g — 2) whenever s = rii + 2g — 2 and ?' = 0, . . . , ,g — 3 . 

Moreover, in this case we may assume that 6^ = bso is the largest nongap smaller 
than rij + £g-i-i (see [S, proposition 1.7]). 

The canonical curve C C P^"^ is contained in the g ~ 2 quadratic hypersurfaces 
V'(F„j+2g-2,i) {i = 0, — 3), which intersect transversely at the Weierstrass 

point P. Thus in an open neighborhood of P, the curve C is the intersection of 
these g — 2 hypersurfaces. Therefore the g — 2 quadratic forms -F'n,+2a-2.i determine 
uniquely the integral curve C, and in particular determine the remaining ^{g—2){g— 
5) quadratic forms of the basis of 12(C). We will make this explicit, by constructing 
syzygies of the canonical ciirve. 

It now follows from the Enriques-Babbage theorem that the canonical integral 
curve C is non-trigonal and not isomorphic to a plane quintic (see [ACGH, p. 124]). 
Moreover by Petri's analysis, at least in the case where C is smooth, the canonical 
ideal 1(C) is generated by quadratic relations (see [ACGH, p. 131]). 

We will give an algorithmic proof that the ideal 1(C) of the (possibly nonsmooth) 
canonical curve C C PS"^ is generated by the quadratic forms Fgj. We first treat 
the canonical monomial curve 

Lemma 2.3. The ideal I(C*^°)) of the canonical monomial curve C*^°) C Pf"^ is 
generated by the quadratic binomials 

Proof. Let 1*^°-' be the ideal generated by the binomials F^^^ . Since the ideal I(C(o)) 
is homogeneous and quasi-homogeneous, it is enough to show that a homogeneous 
and quasi-homogeneous polynomial belongs to l'*^' if it belongs to I(C(°^), i.e. if the 
sum of its coefficients is equal to zero. 

In this proof we do not need the assumption ani+2g-2,i = n-i , and so with- 
out loss of generality we can assume that < a^i < • • • < a,,y^ for each s. We 
further assume that the vector spaces are obtained by lifting the bases dis- 
played in Lemma 2.1 and Lemma 2.2. To apply Grobner basis techniques, we order 
the monomials 11^=0 Xn'°. according to the lexicographic ordering of the vectors 
(X] ikj nk ikj — io) —ig-i, ■ • • , —ii)- Using our assumptions on the semigroup % , 
we can enlarge the basis {-Pjf'' } of 1^°^ to a Grobner basis by adding certain sums 
of cubic binomials ±XnF^^ of the same weight (see [S, pp. 196-198]). 

Let F be a homogeneous polynomial of degree r. Dividing F by the Grobner 
basis, the division algorithm provides us with a decomposition 

si 

where R G A,, and Gsi is homogeneous of degree r — 2 for each double index si . If 
F is quasi-homogeneous of weight w, then each Ggi is quasi-homogeneous of weight 
w — s, and the remainder R is the only monomial in A^ of weight w whose coefficient 
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is equal to the sum of the coefficients of F. Therefore, if F e I(C(°)) then R = 
andFelW. □ 

Syzygy Lemma 2.4. For each of the ^{g — 2){g — 5) quadratic binomials F^?., 
different from -F'^^+2g-2,i = Oi • • • > 5 ~ 3) there is a syzygy of the form 

nsi 

where the coefficients e^^^l ^ are integers equal to 1, —1 or (which will be specified 
below), and where the sum is taken over the nongaps n < 2g — 2 and the double 
indices si with n + s = 2g — 2 + s'. 

A weak version of the Syzygy Lemma has been obtained in [S, lemma 2.3] by 
using Petri's analysis. We will provide an elementary purely combinatorial proof. 

Proof. If we put F := F^^), or F := —F^^), then we can write 

F = XqXy — XjnXn 

where q, r, m and n are nongaps satisfying q + r = m + n and m<q<r<n< 
2g — 2 . The strict inequality n < 2g — 2 is due to the assumption bsi = 2g — 2 
whenever s Ui + 2g — 2. 

If n + 1 is a gap then, by symmetry, the integer fc := 2^ — 2 — n + r is a nongap 
smaller than 2^ — 2, and we have the syzygy 

X2g-2F + Xn{XmX2g-2 — XqXk) — Xq{Xj.X2g-2 — X^Xf,) = 

where the binomials in the brackets can be written as i^f — F^^^ , F^^^ or — .Pf? . 
Analogously, if + 1 is a gap, then the integer A; := 2^ — 2 — g + m is a nongap 
smaller than 2g — 2, and we get the syzygy obtained from the previous one by 
interchanging n with q and r with m. Now we can assume that n + 1 and q + 1 are 
nongaps. Then we have the syzygy 

X2g-2F + Xm{XnX2g-2 — Xn+lX2g-3) = 

X2g-3{Xq^lXr — X^Xn+l) + Xr{XqX2g-2 — ^g+l-^2g-3) • O 

In the remainder of this section we invert the above considerations. Given a 
numerical symmetric semigroup T-L of genus g := #(N \ 7^) satisfying 3 < ni < g 
and H ^ <4,5 >, and given ^{g — 2){g — 3) quadratic forms 

s-l 

Fsi = -pfj ■* — CsinXa„Xb^ , 

n=0 

we look for conditions on the constants Csin in order that the intersection of the 
quadratic hypersurfaces V{Fsi) in Pf~i is a canonical integral Gorenstein curve. 

Lemma 2.5. Let I be the ideal generated by the ^{g — 2){g — 3) quadratic forms 
Fsi ■ Then 

k.[Xno , , . . . , ^n,_i]r = Ir + for each r >2 . 

Proof. Let F be a homogeneous polynomial of degree r and weight w. Let G be 
its quasi-homogeneous component of weight w, and let R be the only monomial in 
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Ar of weiglit w whose coefficient is equal to the sum of the coefficients of G. Then 
G — R G 1{G^^^), and so by Lemma 2.3 there is a partition 

G-R = Y.Gs^F^^■ 

si 

Replacing each polynomial Gsi by its homogeneous component of degree r — 2. we 
can assume that Gsi is homogeneous of degree r — 2. For similar reasons, we can 
assume that each Ggi is quasi-homogeneous of weight w — s. Hence the polynomial 
F ~J2 GsiFsi — Ris homogeneous of degree r and weight < w — 1. Now the lemma 
follows by induction on w. □ 

Replacing in the left hand side of the Syzygy Lemma the binomials F^?^, and F^f^ 
by the quadratic forms Fg/j/ and Fgi we obtain for each of the ^{g — 2){g — 5) double 
indices s'i' a linear combination of cubic monomials of weight < .s' + 2g — 2, which 
by Lemma 2.5, or more precisely, by its algorithmic proof admits a decomposition 

X2g-2Fs'i' + ^ £nsl ^XnFsi = ^ TjI^J ^ X^F^i + Rs'i' 

nsi nsi 

where the sum on the right hand side is taken over the nongaps n < 2g — 2 and 
the double indices si with n + s < s' + 2g — 2, where the coefficients r/l^J ^ are 
constants, and where Rg'i' is a linear combination of cubic monomials of pairwise 
different weights < s' + 2g — 2. 

For each nongap m < s' + 251 — 2 we denote by Qs'i'm the only coefficient of Rg'i' 
of weight m. Since we do not loose information about the coefficients of Rs'i' if 
we replace the variables Xn by powers of an indeterminate t, it is convenient to 
consider the polynomial 

s'+2g-3 

Rs'i' (i ^)***?^ ^ ^ ^ Qs'i'm^ 

where the dash indicates that the summation index only varies through nongaps. 

Since Rs'i' may be obtained as a remainder in a division procedure, we can ar- 
range that the coefficients Qs'i'rn (respectively, 77^* * ■*) arc quasi-homogeneous poly- 
nomial expressions of weight s' + 2g — 2 — m (respectively, s' + 2g — 2 — n — s) 
in the constants Csin- However, we do not specify a division procedure and we do 
not postulate that Rsn' belongs to A3, and so the ^(g — 2){g — 5) remainders Rs'v 
are not uniquely determinate. In practice, this freedom in the construction of Rg'i' 
allows us to make shortcuts, as we will illustrate in the last section. 

Theorem 2.6. Let H C N be a numerical symmetric semigroup of genus g sat- 
isfying 3 < ni < g and H 4, 5 >. Then the ^{g — 2){g — 3) quadratic forms 

Fsi = F^^^ — X^^Ilg CsiriXa^X;,^ cut out a Canonical integral Gorenstein curve in 
P^~-^ if and only if the coefficients Csin satisfy the quasi-homogeneous equations 
Qs'i'm = 0. In this case, the point P = {Q : ■ ■ ■ : Q : 1) is a smooth point of the 
canonical curve with Weierstrass semigroup H. 

Proof. We first assume that the ^{g — 2){g — 3) quadratic forms Fsi cut out a 
canonical integral Gorenstein curve in F^~^. Since each Rg'i' belongs to the ideal 
I generated by the quadratic forms _i) = for 
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each double index s'i' . On the other hand 

s'+2g-2, 

Rs'i'i.'^UQi ' • ' i'^ng-\) ~ / ^ Qs'i'm^s'i'm 
m=0 

where each Zs'i'm is a monomial expression of weight m in the projective coordinate 
functions Xn^,- ■ ■ ,Xng_i, and hence has the pole divisor mP. Thus the coefficients 
Qs'i'm are zero. 

Let us now assume that the coefficients Csin satisfy the equations Qs'i'm = 0. 
Since the g — 2 quadratic hypcrsurfaces V(-Fn,+2g-2,i) C P^^"'^ (i = 0, . . . ,,g — 3) 
intersect transversely at P, their intersection has a unique irreducible component 
that passes through P, and this component is a projective integral algebraic curve, 
say C, which is smooth at P and whose tangent line at P is the intersection of their 
tangent hyperplanes {i = 0, . . . , g — 3). 

Let . . . ,yng_i be the projective coordinate functions of C with yng_i = 1- 
Since — ?T.g-2 = ^2 ^ = 1. we conclude that t := ?/,ig_2 is a local parameter 

of C at P, and yn„, . . . ,yng-2, are power series in t of order > 1. More precisely, 
comparing coefficients in the g — 2 equations F„;+2g_2,i(2/no: ■ • • : J/ng-J = we 
obtain 

=r«-i-"' +... + (i = 0,...,.g-l) 

where the dots stand for terms of higher orders. Thus the g integers £i — 1 {i = 
1,. ..,g) are the contact orders of the curve C C Pf~^ with the hyperplanes. In 
particular, the curve C is not contained in any hyperplane. 

Since by assumption the ^{g — 2)[g — 5) remainders i?s'i' are equal to zero, we 
have the syzygies 

X2g-2Fs'i' +Y,e^ipX^Fsi -J2v'^ipX^Fsi = . 

nsi 

Replacing the variables . . . , Xn^_-^ by the projective coordinate functions Uno, 
• • • ) Vug-i, we get a system of ^{g — 2){g — 5) linear homogeneous equations in 
the \{g — 2){g — 5) functions -Fs'i'(2/no> • • • ^Ung-i) with coefficients in the domain 
k[[t]] of formal power scries. Since the triple indices nsi of the coefficients e^'*^^* 

respectively rjl^J \ satisfy n < 2g — 2 and n + s ^ s' + 2g — 2, respectively n <2g — 2 
and n + s < s' + 2g — 2, we conclude that the diagonal entries of the matrix of the 
system have constant terms equal to 1, while the remaining entries have positive 
orders. Thus the matrix is invertible, and so the equation Fsi{yno, ■ ■ ■ ■> Vng-i) = 
holds for each double index si. This shows that I C 1(C) where I is the ideal 
generated by the ^{g — 2){g — 3) quadratic forms Fsi . 

By Lemma 2.5 we have codiml^ < dimA^ for each r > 2. On the order hand, 
since lr{C) n = 0, we deduce dim A^. < codimlr(C). Since I C 1(C) we obtain 

codimlr(C) = codimir = dim A^ = {2g — 2)r + 1 — g . 

Thus 1(C) = I and the curve C C P^"^ has Hilbert polynomial {2g - 2)r + 1 - g. 

Hence C has degree 2g — 2 and arithmetic genus equal to g. 

Intersecting the curve C C P^^^ with the hyperplane V{Xng_^) we get the divisor 
D := {2g — 2)P of degree 2g — 2, whose complete linear system \D\ has dimension 
g — 1 . Hence by the Riemann-Roch theorem for complete integral (not necessarily 
smooth) curves the Cartier divisor D is canonical, and C is a canonical Gorenstein 
curve. □ 
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To normalize the coefficients Csni of the quadratic forms Fsi, we notice that the 
coordinate functions Xn {n G H, n < 2g — 2) are not uniquely determined by their 
pole divisors nP. We assume that the characteristic of the constant field k is zero 
or a prime not dividing any of the differences n — m, where m and n are nongaps 
satisfying m < n <2g — 2. Transforming 

n-l 
m=0 

where the coefficients dnm are constants, we can normalize ^g{g — 1) of the coeffi- 
cients Csin to be zero. More precisely, for each positive integer w the number of the 
coefficients Cgin of weight s — n = w that can be normalized is equal to the number 
of nongaps m such that m + w is a nongap < 2g — 2 (see [S, proposition 3.1]). 

Due to these normalizations and the normalizations of the coefficients of weight 
zero (i.e. Csis = 1), the only freedom left to us is to transform Xm ^ c^'Xm 
{i = 0, . . . ,g — 1) for some c € ^^(k) = k*. We have shown: 

Theorem 2.7. LetH CN be a symmetric semigroup of genus g :— ^{N\'H) satis- 
fying 3 <ni < g andTL 7^<4, 5>. The isomorphism classes of the pointed complete 
integral Gorenstein curves with Weierstrass semigroup H correspond bijectively to 
the orbits of the GmO^)-o.ction 

(c, . . . , Csin: • • • ) ' ^ (■ • • 1 ^ Csin: • • • ) 

on the affine quasi-cone of the vectors whose coordinates are the coefficients c^in 
of the normalized quadratic forms Fsi that satisfy the quasi-homogeneous equations 

Qs'i'm ~ 0* 

3. The Method 

We start this section by describing a variant of the construction of the remainders 
Rs'i' ■ Instead of making induction on the weights in the variables X„, we proceed by 
induction on the degrees in the constants Cgin- We choose for each pair s'i' and each 
nongap m < 6g — 6 a. cubic monic monomial Zs'i'm of weight m in . . . , ^ng-i 
e.g. the unique monic monomial in A3 of weight m. By the Syzygy Lemma the 
polynomial 

•= X2g-2Fs'i' + ^ ei^J ^XnFsi , 
nsi 

is a sum of cubic monomials of weight < s' + 2g — 2, whose coefficients arc homoge- 
neous of degree 1 in the constants Csin- For each nongap m < s' + 2g — 2 let gig}-/^ 
be the sum of the coefficients of its terms of weight m. Wo notice that g[%„i is 
homogeneous of degree 1 and quasi-homogeneous of weight s' + 2g — 2 — rn in the 
constants Csin- By Lemma 2.3, or more precisely, by its algorithmic proof, we get 
an equation 

m sim 

where the coefficients 77^^^ ^^^^ are homogeneous of degree 1 and quasi- homogeneous 
of weight s' + 2g — 2 — m — s > Oin the constants Cgin- Next we consider the 
polynomial 

^(2) ^(1) (1) 7 _ Y P _ Y /-pW-F^ 

^s'i' ■~ ^s'i' / J tis'Vm^^ / ^ i\sim si — / ^ 'Isim ^rn\J^ si ^ si) y 

m sim sim 
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which is a sum of cubic monomials of weight < s' + 2g — 2, whose coefficients are 
homogeneous of degree 2 in the constants Cgm- Let Ql,-f^ be the sum of the coeffi- 
cients of its terms of weight m. Proceeding in this way, wc obtain the coefficients 
of the remainders R^'i' as sums of its homogeneous components: 

Hs'i'm — t!s'i'm ^ tis'i'm ^ ■ ■ ■ 

The procedure stops after less than s' + 2g — 2 steps, because the degrees in the 
constants are not larger than s' + 2g — 2 — m. 

To simplify the notation, wc put the coefficients Csin of the normalized quadratic 
forms Fsi in any order, rewrite them as a finite sequence co,ci, . . . ,Cu and denote 
their weights wq,w\, . . . ,Wv We also rewrite the equations Qs'i'm = by using 
simple indices 

Qj{co,...,C^) =0 (j=l,...,/z) 

where each Qj is a quasi-homogeneous polynomial mv+l variables, whose homo- 
geneous components , gf^ have been determined by the above procedure. 
There is an action of the multiplicative group Gm '■= k* on the weighted vector 
space k''+^ defined as follows 

(cq, . . . , c^) h- (c"'"co, . . . , c^^Ci,) for each c G k* . 

By Theorem 2.7 the isomorphism classes of the pointed complete integral Goren- 
stein curves with Weierstrass semigroup H correspond bijectively to the orbits of 
the G^-action on the affine quasi-cone 

{(co,...,C^) e k''+^) I Qj{co,...,C^) = , j = . 

Linearizing the fi equations we obtain a vector space 

r„:={(co,...,c.)ek'^+i I g^l^=0, j = l,...,/z} 

equipped with the induced Gm-action. To relate this with Pinkham's work [P] , we 
notice that 

- ^k[H]|k ' 

that is, Th is isomorphic to the negatively graded part of the first cohomology group 
-^kf-HJIk '-'^ ^^^'^ cotangent complex of the semigroup algebra k[H]|k; where the signs of 
the weights have been inverted (see [S, p. 212]). To determine the vector space Th, 
we eliminate successively coefficients q from the linear equation £>^-^'(co, . . . , c^) = 
0. Let r be the smallest integer such that, after an eventual permutation, the 
coefficients with i > r can be eliminated from the linear equations. Then Th 
becomes the (r -|- l)-dimensional weighted vector space 

Tn = {(co, ...,Cr) I Co, . . . , e k} 

with the weight sequence WQ) • • • , Wr- If a coefficient Cj with i > r has been elimi- 
nated from the linear equations g^j^\cQ, . . . ,c^) = 0, then it can also be eliminated 
from the corresponding polynomial equation pj(co, . . . , c^) = 0, because by the 
quasi-homogeneity it does not occur in higher order terms of the same equation. 
Entering with these solutions into the remaining polynomials, after ^ — r steps we 
obtain fi — {u — r) quasi-homogeneous polynomials hj in only r + 1 variables, which 
define an affine quasi-cone 

Xn := {(co, ...,Cr)G k-'+i I hj{co, ...,Cr) = Oyj}CTn . 
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By Theorem 2.7 the quotient Xfi/'Gm parametrizes the isomorphism classes of 
the pointed complete integral Gorenstein curves with Weierstrass semigroup H. 
Thus the compactified moduli space can be identified with the quotient of the 
punctured quasi-cone X-u \{o} by the Gm-action 

- ¥{Xn) ■■= {Xn \ {o})/G™ C P(r«) 

i.e. is isomorphic to the closed subset of the r-dimensional weighted projective 
space P(7w) = P^^^ ^ ) cut out by the quasi-homogeneous equations hj = 0. 

Here the pointed monomial curve, which corresponds to the vertex o of the affine 
quasi-cone X-^, has been excluded, and can be viewed as the "improper point" of 

By construction, the linear components /i^-^^ of the quasi-homogeneous polyno- 

(2) 

mials hj are equal to zero. The quadratic components can be easily computed, 

by solving the linear equations q'^'' ~ for c^+i, . . . , Cj^, and entering into the qua- 

dratic expressions (cq, . . . , Cr, c^+i, ■ • ■ , c^)- We approximate X-y^ at the vertex 
by the afRne quadratic quasi-cone 

Qn ■■= {(CO, ...,Cr)G k'-+^ I /if (CO, ...,cr) = Vj} C Tn ■ 
Theorem 3.1. 

dim^-H < dimF{Qji) i.e. dlm^u < dim Qu . 

Proof. Since = {X-^ \ {o})/Qrn we have 

dim — dim X-^ — 1 . 

Due to quasi-hoinogencity each irreducible component of the afHne quasi-cone X-h 
passes through the vertex o. Since the dimension of an integral variety coincides 
with its local dimension at any point (see [E, §13, Theorem A]), we conclude that 
the dimension of X-^ is equal to its local dimension at the vertex 

dim X-fi = dimo Xfi 

which is equal to the KruU dimension of the corresponding local ring 

dimo X-u = dimOA-K.o • 

Since by local algebra the dimension of a local ring is equal to the dimension of its 
associated algebra ([M, theorem 13.9]) we have 

where 

Geometrically, this means that the local dimension is equal to the dimension of the 
tangent cone 

dimo X-H = dimCo(A'-H) 

and can be seen by noticing that the projectivization of the tangent cone is an 
effective Cartier divisor in the local blowup. Since by construction the quadratic 
quasi-cone Q-u contains the tangent cone Co{Xfi), we conclude 

dimCo(A'H) < dimQn . □ 
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It is much less expensive to obtain the equations and tlie dimension of the qua- 
dratic quasi-cone Q-h than the ones of the moduh space ^h- With Theorem 3.1 
we get an implementable method to produce an upper bound for the dimension 
of the moduh space of curves with a prescribed symmetric Weierstrass semigroup. 
Below we summarize in a table some examples we calculated on a computer: 



v. 


a 


E-H 


dim .y/^^ 


dim P( Q-h) 


Del 




< (),8.9,10. 11 > 


i 


12 


13 


13 


13 


17 


<6,8,10,11,13> 


8 


12 


14 


14 


15 


18 


< 7,9, 10, 11, 12,13 > 


8 


14 


15 


15 


15 


23 


< 6,8,10,13,15 > 


9 


11 


15 


15 


17 


19 


< 6,9, 10,13, 14 > 


9 


12 


15 


15 


17 


19 


< 6, 14,15, 16,17 > 


13 


11 


20 


21 


25 


28 



Here E-H stands for the lower bound 3£f — 2 — wiH) of Eisenbud-Harris and Del for 

Deligne's upper bound 2g — 1. 

By the jacobian criterion and classical elimination theory, the moduli space 
is an open subspace of ^-h- If the symmetric semigroup % is generated 
by 4 elements, say % = < m, mi, m2, m.-j >, then by using Pinkham's cquivari- 
ant deformation theory [P] , complete intersection theory and a quasi-homogeneous 
version of Buchsbaum-Eisenbud's structure theorem for Gorenstein ideals of codi- 
mension 3 (sec [BE, p. 466]), one can deduce that the affine monomial curve 
Spec \i.\H\ — Spec k[i™,i"'\i"'^,t'"3] can be negatively smoothed without any 
obstructions (see [B], [Wl] [W2, Satz 7.1]), hence dvcaj^u = dimP(T,Jj^j|^), and 
therefore 

^«=P(T^k[«]|k) 

and so is a dense open subvariety of ^(^^^[-Hjik)' However, if Ti is generated by 
more than four elements, then tends to be a proper subspace of lP(?k[w]|k)' 
documented in the above table and discussed in the next section. 

4. Working with a family of symmetric semigroups 

In this section we apply our method to a family of symmetric semigroups of mul- 
tiplicity 6 minimally generated by five elements. For each positive integer r we 
consider the semigroup 

n= < 6, 2 6t, 3 -t- 6t, 4 -t- 6t, 5 6t > 

5 

= 6N U [J (j + 6t + 6N) U (7 + 12t + 6N) . 

i=2 

Counting the numbers of gaps and picking up the largest nongap we obtain 
5 = 6t + 1 and tg = 12t + 1 = 2g - 1 

and so the semigroup is symmetric. 

Let C be a complete integral Gorenstein curve, and P a smooth point of C whose 
Weierstrass semigroup is equal to H. As in Section 2 we choose for each nongap 
n gH a. rational function a;„ on C with pole divisor n P. We abbreviate 

X := X6 and yj := xj+qt {j = 2, 3, 4, 5) 
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and normalize 

= , Xj+6r+6i = a;'2/i and x^J^x1T+u = ^^'ViV^ 

for each i > and j = 2,3,4,5. Now the P-hermitian basis {xno , , • • ■ , Xng_i } 
of the vector space H^{C, {2g — 2)P) of global sections of the canonical divisor 
{2g — 2)P = 12tP consists of the products 

2.0, ... , x^^ and x^y,, . . . , x^-'y, {j = 2, 3, 4, 5) . 

Since ^2 = 2, the complete integral Gorenstein curve C is nonhyperelliptic, and so 
it can be identified with its imago under the canonical embedding 

The projection map 

(1 : X : y2 : y3 : 2/4 : 2/5) : C ^ 

defines an isomorphism of the canonical curve C C P^"-'^ onto a curve P C P"'' of 
degree 6t + 5. The image Q := (0 : : : : : 1) G P of the distinguished 
Weierstrass point P := (0 : • • • : : 1) e C is the only point of T) that does not lie 
on the affinc space C P'"' of the points with nonzero first coordinate. 

To study quadratic relations of the canonical curve C C P^"^, we consider the 
space of global sections of the bicanonical divisor {Ag — 4)P = 24rP. The P- 
hcrmitian basis {x„ | n G "H, n < 4^ — 4} of H^{C, {ig — 4)P) consists of the 3g — 3 
functions 

x' (i = 0, 1,...,4t) 

x% (i = 0,l,...,3T-l, j=2,3,4,5) 
x'y2y5 (i = 0, 1,...,2t-2) 
which can be written as quadratic monomial expressions in the projective coordinate 
functions x„„ , .;•„ ^ , . . . , x„^_-^ . Let X, 1^2,^3, ^4 and Y5 be indetcrminatcs attached 
with the weights 6, 2 + 6t, 3 + 6t, 4 + 6r and 5 + 6t, respectively. Having in mind the 
normalizations of the functions x„, we define for each nongap n € H a monomial 
Zn of weight n as follows 

Z^i := , Zj+eT+6i '■= X^Yj and ^7+12^+61 := X'^Y2Y^ . 

Multiplying the functions x, y2, ya, 2/4, y5 by suitable constants, and writing the nine 
products yiyj with 7^ (2, 5) as a linear combinations of the basis elements, we 
obtain nine polynomials in the indeterminates X, ¥2, 13, 14, 5^5 that vanish identi- 
cally on the afRne curve DfiA^ =T>\{Q}, say 

12T+i 

Gi = G-°^ — ^ gijZi2T+i-j (z = 4, . . . , 8) 

12T+i 

Pi = - J2 fij^^^r+i-j {i = 6, 8, 9, 10) 
j=i 

where 

Gf^ = Yi - X-Yi Gf^ = Y2Ya - X^Y^ Gf^ = Y^ - X^^+^ 

pf ) = Y2Yi - G^°) = r3y4 - 1-2^5 Gf^ = Yl - X-+^Y2 

Ff> = FaFg - X-'+'^Y2 = - X^+^la P^^^^ = Y^ - X'^+'^Yi 

and where the summation index j only varies through integers with 12T+i—j G H. 
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Lemma 4.1. The ideal of the affine curve VdA^ is generated by the nine polyno- 
mials Gi (i = 4, . . . , 8) and Fi {i = 6, 8, 9, 10). 

Proof. It follows by induction on descending degrees in 12,..., Y5 that, modulo 

the ideal generated by the nine polynomials, each polynomial in X,Y2, . . . ,¥5 is 
congruent to a polynomial whose terms are not divisible by the nine products YiYj 
with (i, j) ^ (2, 5) i.e. which is a linear combination of the monomials Z„ of pairwise 
different weights n G H. Such a linear combination ^ CnZn vanishes identically on 
the affine curve I? n if and only if the corresponding linear combination ^ CnXn 
of the rational functions a;„ e k(C) is equal to zero i.e. c„ = for each n €1-1. □ 

If C is equal to the canonical monomial curve C^^^ C P^~^, then the coefficients 
gij and fij are equal to zero, and so the ideal of the affine monomial curve 

n = {(c^, C^+e-, c3+<5-, c4+6-, c5+6-) I c e k} 

is generated by the nine quasi-homogeneous binomials G-"' (z = 4, . . . , 8) and F^^^ 
{i = 6,8,9,10). 

In order to normalize some of the coefficients g^j and fij, we notice that we have 
just the freedom to transform 

X C^X + Cq 

2/4 1-^ c^+*^'^y4 + c[y3 + C22/2 + E[=o C4-H6ja;^"' 

where c ^ 0, Cj, Cj and c" are constants. We suppose that the characteristic of the 
constant field is different from two and three. Then we can normalize 

/si = 582 = /92 = /io,3 = 

(which are the only coefficients with i — j = 1 mod 6), 

541 = 542 = 546 = 

and 

/6,2-|-6j = /8,3-|-6i = f9,4+6i = f9,5+6i =0 (z = 0, . . . , t) . 

Now the isomorphism class of the pointed Gorenstein curve (C, P) determines 
uniquely the coefficients up to the following Gm-action 

g-ij ^ fjij ^D-d fij '-^ fij where c G Gm = k* . 

We attach to the coefficients gij and fij the weight j. They have to satisfy certain 
quasi-homogeneous polynomial equations, which we will deduce from the syzygies 
of the affine curve V D A^. 

By applying the Syzygy Lemma we conclude that the five quasi-homogeneous 
binomials 

of weight 2g — 2 + i + 12T = 24r -|- i where i = 4,5,6,7 and 8, respectively, are linear 
combinations of the binomials ZnOf^ [j = 4, . . . , 8) and Z„Fj^^ {j = 6, 8, 9, 10) 
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with n = 2g — 2^i— 2<2g — 2 (and therefore X'^ ^ divides More exphcitly, 
we write up five syzygies of the affine monomial curve T)^^^ fl A^: 

X^+^df - Y^Ff^ + Y<^Gf = 
Xr+^Gf - Yr,Ff^ + Y^Ff^ = 

^,+1^(0) _ ^r+lj^W _ Y^pm ^ Y^p{^) ^ 

^r + lc<(0) „ y^p{^) ^ y^p(^) ^ Q 

^r + lg(0) _ ^r+lj^^(0) _ y^^ai) ^ y^^^(0) ^ 

Remark 4.2. ActuaJIy, tlic Syzygy Lemma assures the existence of certain ^{g — 
2){g — 5) syzygies of the canonical monomial curve C^^^ C P^^^. Ifowever, using 
the equations Z^+e = X ■ and factoring out powers of X we can reduce to the 
five syzygies listed above. 

The five syzygies of the monomial curve V^^^ fl give rise to five syzygies of 

the curve VnAJ': 

X^+^Gi-Y4F(i + Y2Gs = 

J2i=0-^^^^ (/e, 1+64-^9 + /e, 3+6*^7 + (/6,4+6i— 58,4+6i)-p6 " 58,5+6*^5 — 58,6+6iG4) 

X)i=o (/e.i+ei-fio + /e.a+ei-Fs — /g.e+eiGs — fg^r+eiGi) 

X-+^Ge - X^+^Fe - Y^Fs + Y3F9 = 
J2i=o ^^~^{f8A-\-6iG8 + /8,5+6iG7 — fgfi+eiGs + fsfi+eiFs — h^i+uG^) 

X^+^Gr-Y^Fs + YsFw = 

J2i=0 -'^'"~'(/8,4+6i-f9 + (/8,5+6i — /lO,5+6i)-F8 — /lO,6+6iG7 — /io,7+6iG6 — /lO,8+6iG5) 

X^+^Gs-X^+^Fs-Y^Fg + Y^Fio = 

J2i=Q ^^~''{f9,6+6iF8 — /l0,5+6i-p9 — /lO,6+6i<J8 — flO,7+6iG7 — /lO,8+6i-F6) 

Indeed, by construction each right hand side difi'ers from the corresponding left 
hand side by a linear combination of the monomials Zn that vanishes identically 
on the curve I> fl A^ =0(1 A^ ~^ and hence is identically zero. 

The vanishing of the coefficients of the five linear combinations provides us with 
quasi-homogeneous equations between the coefficients gij and fij . To express these 
equations in a concise manner, we introduce polynomials in only one variable 

12r+i 

9i:= E 9irt^ = Gi{t-^t-'-'\t-'-^\t-'-^\t-'-^nt'+''^ (i = 4,...,8) 

r=l 

and write each one as a sum of its partial polynomials 

9i^-= E 9irf (i = l,...,6) 

r=j mod 6 

which are defined by collecting terms whose exponents are in the same residue class 
modulo 6. In a similar way we define the polynomials fi {i — 6, 8, 9, 10) and its 
partial polynomials f-''^ . Due to our normalizations some of the partial polynomials 
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arc equal to zero, remaining only 41 ones. More precisely, we can write: 

n - -L , (i) , „(5) , ^(6) r _ Al) , A3) Ai) Ad) 

94- 94 + 94 + 94 + 94 + 94 Je - Je + h +16 + h 

- + „(2) , „(3) , „(5) , „(6) n _ A2) A4) .(5) .(6) 

95 — 95 +95 +95 +95 + 95 J8 — h + Js + h + h 

n - -^ (3) (4) (6) . _ ,(1) ,(3) .(6) 

56 - .96 +36 + .96 + .96 +36 h- h + U + /g 

- _L (3) (4) (5) . _ .(1) .(2) „(4) „(5) .(6) 

97 — 97 +97 +97 +97 + 97 no — ho + ho + ho + ho + ho 

n - „(2) , „(3) , A4) (5) (6) 

98 — 98 + 98 + 98 + 98 + 98 

The partial polynomials g^-"''' and f^'''^ with i = j and i = j + 6 i.e. .94^\ .95'''', .96^\ 
/g^'' and (7y^\ gg^'', /g^\ /g^\ /}q^ have formal degree i + 12t. The formal degree 
of \ gf \ ,9,^ \ respectively f^^\ f[l\ /[f, is equal to j + 6(t - 1), respectively 
J + 6(t + 1) . The remaining 26 partial polynomials have formal degree j + 6r. Thus 
the number of the coefficients that are still involved is equal to 

4(2t + 1) + 5(2t + 2) + 3r + 3(t + 2) + 26(t + 1) - 3 = 50r + 43 

where the discount by the number 3 is due to the 3 normalizations 541 = 342 = 945 = 
0. Now applying Theorem 2.7 and Remark 4.2 we obtain an explicit description of 
the compactified moduli space ^-u- 

Theorem 4.3. Let H he a semigroup generated by 6. 2 + 6t. 3 + 6t. 4 + 6r and 
5+6t where t is a positive integer. The isomorphism classes of the pointed complete 
integral Gorenstein curves with Weierstrass semigroup V. correspond bijectively to 
the orbits of the Gm-action on the quasi-cone of the vectors of length 50t + 43 whose 
coordinates are the coefficients gtj and fij of the 41 partial polynomials that satisfy 
the five equations: 

94-f6+9s = /i^Vg + /f V + {fty9i'^)U - 9i'^95 - gf^^ 

55 - /6 + /g = /e /lo + /e /s - /g 55 - /g 54 

96- f6~ J8 + /g — h 98 + h 97 - ./g 56 + h J6 - ./g 55 
f _L f - f(4). ,(A5) A5)-.r A6) Al) A2) 

97 - h + ho — 18 /9 + Us ~/lO J/8 - /lO 57 - Jio 56 - /lo 55 

58 - /s - /g + /lo = /g*^'/8 - /i?/g - fw 98 - fw97 - fiofe 

Thus the compactified moduli space admits an embedding into a weighted 

projective space space of dimension 50r + 42. To diminish the dimension of the 
ambient space, we project onto spaces of lower dimensions by eliminating some of 
the coordinates. 

The 5 equations of Theorem 4.3 can be rewritten in terms of 30 polynomial 
equations between the 41 partial polynomials. Among these equations there are 5 
linear ones, which we use to eliminate 5 partial polynomials as follows: 

f(4) _ n „(3) _ f (3) f ('"5) _ n f(i) - f f(f') - 
Je — 58 — Je J J8 ~ J 10 ~ Jo I J 10 ~ J8 

There remain 25 inhomogeneous equations of degree two between 36 partial poly- 
nomials, among them the following 5 equations: 

5f ^ + 9^i^ - fi^'fl^' + ff'9r - 9^9^ - gf'gf' 

A3) A3) _ Al) A2) A3) A6) fWA2) 
/g Je ^ Je Jio ' Je ./s ' ./g 5? 

„(6) i-(6) , .(6) _ .(1) .(5) .(6) (6) AI)J5) 

55 ~ Je + /g — Je Jio ~ Jg 95 ~ Jo 94 

(2) _ .(2) _ .(4) (4) _ .(6) (2) _ .(1)„(1) 

56 J8 ~ J8 98 Jo 9e J9 95 

9'^' - ft' + fit' = ft' ft' - ft'gf - ft' 9?' - fil'gf 
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Since the formal degrees of g^^' , /g^'' , /g^'' , /g^-* and /^g' are equal to the formal 
degrees of the corresponding equations, we can eliminate these five partial poly- 
nomials, remaining only 20 equations between 3f partial polynomials. As can be 
read off from the formal degrees of the partial polynomials, this can be rephrased 
in terms of 45t + 40 quasi-homogeneous equations between 35r -|- 28 coefBcients. 
Some of these equations may be identically zero. 

Thus the compactificd moduli space can be realized as a closed subvari- 
ety, or more precisely, as an intersection of at most 45r + 40 hypersurfaces in the 
weighted projective space of dimension 35r + 27, whose quasi-homogeneous coordi- 
nates are the coefficients of the remaining 31 partial polynomials. We can continue 
in eliminating coefficients, until the remaining quasi-homogeneous equations do not 
admit linear terms. However, if we would do this procedure in an explicit way, our 
discussion would become very involved. 

We first determine the weighted vector space which is (up to an iso- 

morphism) the locus of the linearizations of the 30 equations between the partial 
polynomials. We can solve this system of linear equations as follows: 

(1) (1) (1) (1) (1) (1) (1) j-(i) (1) (1) 
■-94 -95 96 =9s 9? = 95 -94 fw =91-95 

(2) , (2) (2) n (2) (2) (2) (2) 

54 +36 55 = 97 =-91 98 = -94 

5^=0 5^=0 5f'=/f 

^5f 5f = -5f 9i''=9'r'' = 5^' " 5^' 

^5f 5r^=0 5r' = -5f 5f^--5f 

(6) , (6) r(6) (6) (6) (6) (6) (6) , r(6) 

■■ 91 +9a fg = 98 9s = 91 96 = 91 +/8 

Here we had to make choices, which partial polynomials should be eliminated. 
However, we had to take care that the formal degrees on the left are not smaller 
than the corresponding ones on the right. Now T'^l-HJlk ^'"^^ identified with the 
space of the vectors whose entries are the coefficients of the remaining 11 partial 
polynomials 

„(1) „(1) „(2) „(2) .(3) (4) (4) (5) (6) (6) , .(6) 

.94 1 .95 '34 ' ffe ' /e ' ffe '37 ' .94 ' .94 ' .98 ^^'^ -h 
The only conditions the entries have to satisfy are the three normalizations 

.941 = 542 = .946 = . 

Counting the coefficients that are still involved, we obtain 

dimT'kfwik] = llT + 6 . 
More precisely, counting the coefficients of a given weight j, we obtain the dimension 
of the graded component of T'^j^ji^ of negative weight —j: 



f(l) 

J6 


— 54 


fW 

J9 


f(2) 


(2) 
= 56 


f{2) 
JlO 


A3) 
J9 


_ A3) 

— J6 


(3) 
55 


Ai) 

J6 


= 


A*) 

JS 


AS) 
Js 


= 


f(5) 
JlO 


A6) 
JlO 


_ A<i) 
— Js 


A6) 
J6 



A- rpl r 1 ifi = ^1 / 1 ifz = 

dimT_,_6, = |2 (i = l,...,r) dimT_,_6, = |2 (^ = 1,... 
dimTl3_ei = l (i = 0,...,r) dimrV6i = 2 (i = 0,...,r) 



r) 



2 if i = 

dimTl5_6, = l (z = 0,...,r-l) dimr^e, = <( 3 (z = 1, . . . , r - 1) 

2 if i = r 

In the remaining cases the dimension of • is equal to zero. 
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Thus the compactified moduh space Ji-n has been reahzed as a closed subvariety 
of the (llr + 5)-dimensional weighted projective space P(T^[^]|k)- I* is cut out by 
21r + 28 quasi-homogeneous equations, which do not admit hnear terms. 

As discussed below, it will be much less expensive to obtain the equations and 
the dimension of the quadratic quasi-cone Qu than the ones of the moduli variety 
^■K- In particular we can make the eliminations in an explicit way. 

To determine the quadratic quasi-cone Q-h, we just enter with our solution of the 
system of 30 linear equations into the quadratic terms of the original 30 equations 
of degree < 2, and eliminate the same partial polynomials as in the linear case. We 
obtain only 5 equations 

= ^ - + 9^\!f'~9f) - 9i'\9i''-9r^) + 

/}o^^ = 9?' + 9P + 9P{9^i'~9f') + 9'^\ft-9^r) " 5^'^^' 

/}^^ = + ) + #^5^^ - /f 

whore the formal degrees on the left hand side are smaller than the corresponding 
formal degrees of the right hand side, while in the remaining 25 equations the formal 
degrees on the left are sufficiently large. Thus the quadratic quasi-cone is the 
subvariety of given by the five conditions 

T^r+GT I .94 ./8 - .95 .98 + .16 96 - ^ 



/^(2);.(6) (2)?(6) (i)(i)\_f. 
T^8+6t I .96 .98 + .94 ./ 8 ^ 96 97 j 

T^8+6t I .94 .9., + .94 96 + 96 94 ) 

( „(4)„(1) , f(3)„(2)\ _ n 

7^5-1-61- [94, Js +97 95 - h 9% ) 



where 

7(6) ,(6) (6) , -(6) (6) (6) 

/s := /s - 54 and ffg •= 58 - 54 

and where tt, denotes the projection operator on the polynomials in t that annihi- 
lates the terms of degree not larger than i. 

We notice that the five conditions do not depend on the t + Q coefficients 1751, 562, 
/es, .9447 5747 /86> 586 and g^fii (i = 2, . . . ,t). The five conditions on the remaining 
IOt coefficients can be expressed in an elegant way in terms of five polynomial 
equations between ten elements of the r-dimensional artinian algebra 

T-l 

A := k[£] = keJ where £^ = . 
Theorem 4.4. The quadratic quasi-cone Qu is isomorphic to the direct product 



Q^ = VxW 



AN UPPER BOUND FOR THE DIMENSION OF 
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where V is the (r + 6) -dimensional weighted vector space with the weights 1, 2, 3, 
4, 4, 6 and 6i {i = 1, . . . ,t) and where W is the quasi-cone consisting of the vectors 



-1 



(wi, . . . ,a;io) = ^ e-' , . . . , ^ w^j 1 e 

satisfying the 5 equations: 

WiWg + WsWe - = 

loai^w + "^a^^g — ^6^7 = 
wia;4 + + we^s = 
W8W10 + wsws + wiujj = 

+ UJsUlQ — LJiUjQ = 

in the artinian algebra A. To the coefficients Wij are attached the weights r]i+6{T—j) 
where r]i, . . . , 7710 = 1, 1, 2, 2, 3, 4, 4, —1, 6, 6. 

Proof. Wc define 

Wij = g4fir+l-6j , W2j = g5fiT+l-6j , Wsj = (/4,6T+2-6j ) W4j = (?6,6T+2-6i , 

W5j = /6,6r+3-6j , WQj = gifir+i-Qj , W-jj = 57,6r+4-6j , Wgj = 5f4,6-r-l-6j , 

■"^9j = /8,6r+6-6j i ^10,j = 58,6r+6-6j 

and notice that the five conditions on the 10 t coefHcients are equivalent to the five 
quadratic equations in the artinian algebra A. □ 

Corollary 4.5. 

dimQn = 8t + 6 . 
Proof. Since dim V = t + 6 we have to show that 

dimW = 7t . 

For each i = 1, . . . , 10 let Wj be the open subset of W given by the inequality 
W'io 7^ 0, which means that LOi is a unit in tlie local artinian algebra A. If a vector 
(wi, . . . , wio) belongs to Wi then we can eliminate wg, oja and oJr from the first, third 
and fourth quadratic equation, and the remaining two equations become trivial. 
Thus Wi has codimension 3r in and hence dimension 7t. In a completely 
analogous way we see that 

dimWi = 7t = 1, . . . , 10) . 

If T = 1 then W = WiU---LI Ww and therefore dim W = 7. 

Now we assume that r > 1. If a vector (wi, . . . , wio) € W does not belong to 

the union Wi U • ■ • U Wiq i.e. Wij = whenever j = 0, then the ten coefficients wtj 
with j = T — 1 do not enter into the five quadratic equations, and by induction we 
obtain 

dim{W \ (Wi U • ■ • U Wio)) = 7(t - 2) + 10 = 7t - 4 < 7r 
and therefore dim W = 7t. □ 

Now applying Theorem 3.1 we obtain an upper bound for the dimension of the 
moduli variety 

dim < St + 5 
which for each r > 1 is better than Deligne's bound 2 g — 1 = 12t + 1. 
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